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Abstract 

In this article we show in some detail how the full action functional of the stan- 
dard model of elementary particle physics can be described within the geometrical 
setting of generalized Dirac operators. We thereby introduce a new model building 
kit for (a certain class of) gauge invariant theories which provides a unified geomet- 
rical description of Einstein's theory of gravity and Yang-Mills gauge theories on 
the "classical" level. Moreover, when the gauge symmetry is spontaneously broken, 
the Higgs sector as well has a natural geometrical interpretation. It turns out that 
the Higgs field is related to the gravitational potential. 

Since the full action functional of the standard model is derived in one stroke, 
the appropriate parameters of the model have to satisfy certain relations similar to 
those in the Connes-Lott approach. Likewise, this may yield some phenomenological 
consequences, which is illustrated by using the gauge group of the standard model 
in the case of N— generations of leptons and quarks. 
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1 Introduction 



In this article we propose a certain model building kit which permits derivation of the action 
functional of the standard model of elementary particle physics with gravity including in terms 
of generalized Dirac operators. For this we introduce the following geometrical data: 

(G,p,D), (1) 

where G denotes a real compact semi-simple Lie group, p its unitary representation on a N- 
dimensional hermitian vector space V and D denotes a Dirac operator acting on sections into 
a Clifford module bundle £:=S®E, such that E: = Vx p V. Here, S denotes the spinor bundle 
over a closed compact orientable Riemannian spin manifold (-M,<?) without boundary and of 
even dimension (2n>2); V is a G-principal bundle over M. 

Having given the geometrical setting we propose the following functional 

J D := ftMD^) r( £) + res c (D- M ), (2) 

Here, res denotes the Wodzicki residue; ( is an element of the commutant defined by (G,p), 
satisfying [D, Q — [x, C] = 0, C>0, with x the involution operator on £ and ( , ) r (g) denotes the 
induced hermitian product on the C co (M)— module T(£) of sections ip into £. In our frame 
this functional serves as a "general action" functional. 

Using this frame the main result of this paper may be summarized in the 

Theorem: 

There exists a natural generalization (1) of the Dirac- Yukawa operator of the standard model 
such that the functional (2) is proportional to the full action of the standard model with gravity 
including. 

As a consequence we obtain certain relations between the parameters involved. Especially, 
the mass of the Higgs field m h is a function of the fermion masses. In the most general case 
the range for the electroweak angle 9 W reads: 

0.25 < sin 2 W < 0.45 . 

In the case where all irreducible subspaces of the fermion representation are equally weighted 
we obtain the GUT preferred relations 

sin 2 ^ = 3/8, 

9(3) = 9(2), 

where, respectively, g^) andg( 2 ) are the strong and weak coupling constants. Of course, all 
derived relations are expected to be scale dependent and thus the corresponding renormalization 



flux must be carefully taken into account. We stress that the corresponding hypercharges of the 
particles involved in the model are fixed when the electrical charges are assumed to be known. 

The model building kit as defined by the generalized Dirac operator (1) and the univer- 
sal action (2) is motivated by the assumption that the basic objects in nature are fermions 
and that their dynamics is described by Dirac's equation. Then, the appropriate dynamics 
of the various fields involved in the definition of the fermionic interactions should be a conse- 
quence of the latter and not independent thereof. Mathematically, this may be rephrased as 
follows: when fermions are geometrically described by sections into a twisted spinor bundle, 
the most natural operator acting on those objects is a Dirac operator. A Dirac operator, how- 
ever, is but a Clifford superconnection (i.e. a certain generalization of a connection) defined 
by (homomorphism-valued) differential forms of various degrees. Then, fixing the admissible 
fermionic interactions geometrically means to fix the admissible differential forms defining a 
certain superconnection and thus a certain Dirac operator. The idea of the kit, proposed here, 
is that the functionals leading to the field equations of the differential forms defining the Dirac 
operator are not arbitrary but determined by this operator. As it turns out, this idea not only 
permits a geometrical understanding of the Higgs action but also a new geometrical interpre- 
tation of the Einstein-Hilbert and Yang-Mills functional (Teh, Tym). Indeed, from this point 
of view the former occures - in a sense - as a natural "companion" of the latter and both are 
"consequences" of the fermionic interaction. In this (classical) description of particle physics 
the a priori assumption of a flat spacetime seems artificial. To make this more clear, let us 
assume we consider a "free" fermion. From a geometrical viewpoint, such an object may be 
considered as a section into a twisted spinor bundle, where now the twisting part is assumed to 
posess a trivial connection. Nevertheless, the Clifford module bundle may be non-flat. Indeed, 
the fermion carries energy and thereby produces a non-trivial gravitational field. Hence, the 
corresponding spin connection is non-trivial in general. Of course, under "normal" conditions 
the energy of an elementary particle is so weak that the appropriate gravitational field cannot 
be measured. From our point of view this simply means that in the particular case at hand 
the energy-momentum tensor - defined by the Dirac action - is ignorable with respect to any 
inertial frame and, therefore, spacetime becomes approximately flat. Though this is usually ac- 
cepted by physicists the point here is that the functional Xd fixes the energy-momentum tensor. 
Consequently, in our approach a vanishing Einstein tensor a priori makes no sense. This can 
strictly hold iff there are no fermions in the world (what ever such a world looks like!). Next, 
let us consider the case when the fermion becomes massive. Then, the interaction with the 
Higgs field must be taken into account. As it turns out, geometrically, the Higgs field defines a 
certain connection on the Clifford module bundle where the fermions live in. The corresponding 
curvature is non-zero, even in the case when the Higgs field represents a (classical) non-trivial 
vaccum. Of course, since the energy-momentum of the Higgs field is non-zero, spacetime must 
be curved as well. Note that this holds true even in the case when the world "sits in the 
(classical) vaccum". We stress that in our scheme the Higgs field seems intimately related to 



gravity. Of course, we are only considering classical field theory and one may object that on 
the level of elementary particles quantum theory has to be taken into account and then gravity 
may look completely different than described by Einstein's equation. However, as a "first step" 
towards a real understanding of the interplay between gravity and particle physics it might be 
useful to have a unified geometrical description of all interactions on the level of the classical 
field equations known so far. 

Mathematically, it is evident that the action (2) is gauge invariant. Hence, our kit provides 
a general scheme for building (a certain class of) gauge invariant theories. It therefore might 
be worth remembering the input of a general Yang-Mills model and to compare both building 
kits, correspondingly. Here, we adopt the notation as given in |T|]. 

The input of a general Yang-Mills model consists of the following data: 

1. a finite dimensional real, compact Lie group G, 

2. a unitary representation p/ = pl © Pr on the Z 2 — graded hermitian vector space 
V/ = Vl © Vr of the left and right handed fermions, 

3. a finite set of positive constants {#(&)} (the gauge coupling constants), parametrizing 
the general Killing form of the Lie algebra Q of G; the number of these constants is 
defined as the number of simple components of Q, including u(l) factors. 

4. a unitary representation p^ on a hermitian vector space of the Higgs field, 

5. a G-invariant polynomial (Higgs potential) V^— of order four, which is bounded 
from below, 

6. one complex constant (the Yukawa coupling constant) g y for every one dimensional 
invariant subspace in the decomposition of the representation 



Usually, it is assumed that spacetime is flat, so that Teh is ignored. In particular, the standard 
model is defined by 



(V* L ® V R ® V h ) © (V* L ® Vr ® V* h ), 



7 



an action functional 



T :— Teh + Tp-irac Tyukawa Ty M ~\~ Tniggs ■ 



G := SU(3) x SU(2) x U(l) 



(3) 



with three coupling constants (<7(3), <7(2), <7(i)); 



V L := [(1,2, -1/2) 0(3,2,1/6)], (4) 
i 

3 

V R := [(1,1, -1)©(3,1, -1/3) ©(3, 1,2/3)], (5) 
l 

where (n 3 ,n2,ni) denote the tensor product, respectively, of an n 3 dimensional representation 
of SU(3), an n<i dimensional representation of SU(2) and a one dimensional representation of 
U(l) with "hypercharge" y: p(e id ) := e iy(> , y G Q, 9 e [0,2tt[; 

V '•= \(<p<p*) 2 — fJ?<p<p* , (6) 

with A, \l > 0. There are 27 Yukawa coupling constants which, however, are not all indepen- 
dent. In fact, the standard model can be parametrized by 18 constants, c.f. [[J. 

The full action functional (i.e. with gravity including) in the usual description of the stan- 
dard model (N=3) reads 

* == *hf M *rM (7) 



+ j K *{^ {l) * «D (0 ^ W + ^ {q) * i^{ q )^ {q) ) (8) 

N 

* ( £ ^ff (TfeV) < + (gjf^ (75^) < } + 

+ (gj*>) y $f > ( 75 e^) <° ) + comp. conj. (9) 

+ 4-! tr(CA*C) + ^/ tr(WA*W) + ^V/ BA*B (10) 



+ / tr((V<p)* A*(V<^))+ / *K (11) 

= ^.Ei/ + ^Dirac + ^Yukawa + 1-YM + ^Higgs- (12) 

The traces in the definition of the Yang-Mills action (10) are taken with respect to the corre- 
sponding fundamental representations of SU(3) and SU(2). Note that M. denotes a Riemannian 
manifold, which explains the occurence of the apparently wrong relative sign in front of the 
Higgs potential and the occurence of 75 in the Yukawa coupling term (9). 



In contrast to a general Yang-Mills model our proposed kit (1) - (2) has the following input: 

1. a finite dimensional real, compact Lie group G, 

2. a unitary representation p = p-^ © Pr on the Z 2 — graded hermitian vector space 
V = Vl © Vr of the left and right handed fermions, 



3. a Dirac operator D, 



4. the general functional: 2d. 

Like in the "non-commutative approach" as introduced by Connes and Lott (c.f. ||, Q), 
the Higgs representation is not arbitrary but has to lie within the fermionic representation, 
symbolically: ph C p/. In fact, this has significant consequences with respect to the relations 
between the various parameters involved in the model. Hence it might not be come as a surprise 
that there are certain similarities between the Connes-Lott model and the model introduced 
here in this respect (see below). Of course, the mathematical background is quite different. 
We mention that with respect to our physical interpretation it is quite natural that all fields 
involved in the model carry the same representation. 

Concerning the standard model, the Dirac operator D = is defined by a generalization 
of the Dirac- Yukawa operator D^. It is well-known that the Yukawa coupling (9) together 
with the (standard) Dirac operator D defining (8) can be considered as a new Dirac operator 
D^ - the Dirac- Yukawa operator. The main feature, then, is that this Dirac operator is a 
"non-standard" Dirac operator (i.e. not associated with a Clifford connection, see below). In 
fact, such Dirac operators will play a key role in our geometrical description of the standard 
model. Correspondingly, we shall discuss those operators in some detail in the first part of 
our paper, which is totally concerned with the mathematical frame of our model. Though the 
larger portion of part 1 is actually not new and may be found in much more detail, e.g., in 



TT| we nevertheless summarize the basic mathematical notions in order for our paper to be 
self-contained and to permit full understanding of the issue also for those who are not familiar 
with the notion of non-standard Dirac operators. Also, we have emphazised the relations 
between non-standard Dirac operators and connections on a (general) Clifford module bundle. 
This is of technical significance and, moreover, explains how the Higgs field yields a certain 
connection on a Clifford module bundle. In part two we introduce a certain generalization 
of the Dirac- Yukawa operator and prove our main theorem. Moreover, we also investigate the 
" phenomeno logical" concequences of our scheme with respect to the standard model. Finally, 
we mention some similarities to the Connes-Lott model (c.f. ||, [|J and, concerning the new 



approach, ||, [13|]). We conclude this paper with an outlook. 

Before we start to describe the mathematical frame of our model building kit, however, 
some remarks concerning its similarity to the Connes-Lott approach to the standard model 
seem appropriate. Obviously, our notion of a generalized Dirac operator, as defined by (1), is 
similar to Connes' notion of a "spectral triple". Needless to say that the latter notion is more 
profound, mathematically, since it offers the possibility of "new mathematics", like Connes' 
non-commutative geometry, c.f. Also, the idea to derive specific functionals, such as in the 
case of the standard model of particle physics, from a "universal functional" must go back to 
Connes. For example, in the Connes-Lott approach to the standard model the Dixmier trace 
serves as the general action functional, c.f. M, H. In a sense this trace can be considered as a 



special case of the more general Wodzicki residue. Unfortunately, using the Dixmier trace as the 
universal action functional it seems hard to derive both the Einstein-Hilbert and the Yang-Mills 
(-Higgs) action in one stroke (for the pure EH-functional see 0). Infact, in the Connes-Lott 
description of the standard model the geometric information contained in the Dirac operator 
is lost. But as Connes has remarked the Wodzicki residue of j}~ 2n+2 with D a Standard Dirac 
operator (see below) becomes proportional to the Einstein-Hilbert action of gravity, c.f. |J. 
However, this time the geometrical information contained in the Yang-Mills potential is lost. 
This follows immediately from D being a Standard Dirac operator (see below). As a natural 
question one may ask whether it is possible to derive the full action functional (EHYMH- 
action) by considering "non-standard" Dirac-operators. In |TI| this has been investigated and 
affirmatively answered in the case of the Einstein-Hilbert- Yang-Mills functional . In the case 
of the full action of the standard model and with gravity included the above question was 



investigated in |21|. However, in this work there is a mistake. Infact, the definition of the 
Dirac- Yukawa operator is wrong and as a consequence the derived functional does not coincide 
with the action functional of the standard model. As we shall show in the paper at hand, 
however, by using the right definition of the Dirac- Yukawa operator the properly corrected 



generalized Dirac- Yukawa operator proposed in |2T| is but a special case of the generalized 
Dirac- Yukawa operator introduced in part two of our paper and which infact gives rise to the 
full action of the standard model. Though the basic idea of our kit is already introduced in 



21], and which indeed affirmatively answers the above mentioned question, the scheme in [21 



however, is still not general enough to discuss physical implications of the proposed model 



building kit. This is because in [21J neither the considered Dirac operator - even if properly 
corrected - nor the proposed universal action functional is general enough. Both has been 
remedied in this article. 



2 Part 1: The mathematical frame 

The geometrical setting which we propose in order to describe gauge theories is that of a Clif- 
ford module bundle (£,c) over a Riemannian manifold (A4,g) of even dimension. Within this 
setting there exists a distinguished class of operators called generalized Dirac operators^. We 
therefore start with a brief review on the notion of Clifford modules and generalized Dirac 
operators. More details of this issue can be found, e.g., in [|ll|]. Afterwards we shall discuss 
in some length how a given generalized Dirac operator (1) determines a particular functional 
X D (V £ ,V), using (2). 

To get started, let us denote by (A4,g) a smooth, closed compact Riemannian (spin) man- 
ifold without boundary and of even dimension: dim(.M) = m := 2n(> 2). Moreover, let 

In the following, the term "generalized" simply means "non-standard", though by a generalized Dirac 
operator we actually mean the triple (G,p, D), with D a (non-standard) Dirac operator. 



£ := £ + ® £~ be (the total space of) a Z 2 — graded hermitian vector bundle S-^M. over 
J\A. The corresponding hermitian product on £ is indicated by ( , )g. If T(£) denotes the 
C°°(A4)— module of smooth sections into £, then the induced hermitan product (, )r(S) on 
T(£) is given by: ( , )r(S) '■= Im *( > )s ■ Here, " *" means the Hodge map regarding the Rie- 
mannian metric g on M.. 

Definition 1: A generalized Dirac operator D is any odd first order differential operator acting 
on sections ip G T(£): 

D : r(^) -> T(£ T ), (13) 

so that D 2 is a generalized Laplacian. I.e., there exists a connection: r(£)-^->r(T*.M <S> £) on 
the vector bundle £ and an endomorphism T G T(End(£)), both uniquely defined by D, such 
that 

D 2 = A^ £ + T. (14) 

Here, A y£ := — ev g {S/ T * M ® £ V £ ) denotes the horizontal (Bochner) Laplacian associated with the 
connection V s , and "ev g " means the evaluation map regarding the metric g. 

Remark 1: D exists on £ iff £ denotes a Clifford module bundle over (Ai,g). I.e. there exists 
a graded (left) action on £ 

c:C{M)x£^£ (15) 

of the Clifford bundle C(M)-^M. associated with the metric This holds because in case 
that D denotes a generalized Dirac operator, this operator induces via 

C{M) x £ -> £ 

(df,iP) i ► c(#)V>:=[D,/]V, /GH^) (16) 



a graded left action of the Clifford bundle on £ , c.f. fll| . Conversely, if (£, c) denotes a Clifford 
module bundle over (.M,g), then the well-known construction 

T(£)^T(T*M ®£)^ Y(C{M) <g> f )-^r(£) (17) 

defines an operator D V £ :=c( V s ) satisfying (13) and (14) for any connection V s on £. More- 
over, it is easily checked that such a defined operator also fulfils (16). 

Hence, from now on £ = (£,c) will always denote a Clifford module bundle over Ai = 
(Ai,g). As a consequence, the endomorphism bundle End(£) is also a Clifford module and it 



follows that (c.f. 11 



End(£) ~C(M)®End C i(£), 



3 Here, the fiber r 1 (x) is isomorphic to the Clifford algebra generated by the elements u,v GT*M, 
using the relation: uv + vu:=—2g x {u, v), VirG M. 



where Endcz(£) denotes the algebra bundle of bundle endomorphisms of £ supercommuting 
with the action of C(A4), i.e. 



End C i{£) := {a G End(£) | |[c(a), a]\ = 0, Va G C{M)}. (19) 

If in addition A4 is assumed to be a spin manifold we have: C(M) C ~ End(S) and correspond- 
ingly Endc/(£) — End(E), where S denotes the spinor bundle and E a vector bundle over A4. 
In this case £ is called a twisted spinor bundle over M. and we have (c.f. ]TT|) 



£ ~ S ® E. (20) 

We say that the Clifford module bundle (£,c) has a twisting graduation if Endcz(£) posesses 
a (non- trivial) Z 2 — graduation, cf. [K|. Clearly, in the case of (20) this is equivalent to saying 
that the vector bundle E = El © Er is Z 2 — graded, as well. 



Definition 2: Let D be a generalized Dirac operator on £. It is said to be compatible with 
the Clifford action c if it satisfies the relation (16). Then, let 

V(£) :={b\[D,f\ = c(df), V/ G C°°(M)} (21) 

be the set of all generalized Dirac operators on £ which are compatible with the Cifford action 
c. We havef] 

V(£)~tt°(M,End-(£)). (22) 

Also, let us denote by 

A(£) :={V £ | T{£)^T{T*M <g> £) } (23) 
the set of all (even) connections on £. 



As a consequence of (18), there exists a natural class of connections - called Clifford con- 
nections - on any Clifford module bundle £: 

A C i{£) :={V £ e A{£) \ [ V £ ,c(a)] = c(V c/ a), Va g r(C(A<)) } C *4(£), (24) 

where V cz is the induced Levi-Cevita connection on C(M). Note, in the case of a twisted 
spinor bundle (20) any Clifford connection V £ G Aci{£) takes the form of a tensor product 
connection (c.f. |p"T] ) 

V s = V S0E := V s ® 1 E + l s ® V E , (25) 

4 Since the bundle 5 = £ + £ _ is Z2— graded, so is the associated endomorphism bundle End(f). 
I.e. End(£) = End + (£)eEnd~(£), with End + (£) :=End(f +)®End(f ") and End~(£ ) :=Rom(S +, £ ~)® 
Rom(£-,£+). 



o 



where, respectively, V s denotes the spin connection on S and V E any connection on the vector 
bundle E. In general we have 

A(£) ~ Q\M,End + (£)), 
Aci{£) - ^(.M,End+(£)), (26) 

where the latter isomorphism follows from (18). 

Remark 2: Using the linear isomorphism: 

AT*M C(M) 
e h Ae i2 ■■■Ae ik i-> eV 2 ---e ifc , V0<Km, (27) 

between the Grassmann- and the Clifford bundle, where {e*}i<j< m denotes a local orthonormal 
basis in T*M and Clifford multiplication is indicated by juxtaposition, the Clifford action c 
induces a linear mapping, also denoted by c, 

fi p (7W,End ± (^)) Q°{M,End T (£)) 

a i-> c{a). (28) 



Lemma 1: In the case of p = 1 the linear mapping (28) has a canonical right inverse defined 
by 

5^ : tt p (M,End T (£)) -> Q P+1 (M, End ± (£)) 

a i-> (Aa, (29) 

where £ G fl 1 (A4, End" (£)) is locally given by 5 

f := -— #(e a , e 6 ) e a ® c(e 6 ) <g> l E nd Ci (£)- ( 30 ) 

The product in (29) simply means: (a (g> a)A(a' <S> a') :—aAa'®aa' for all homogeneous elements 
a <g> a, a' <g> a' e tt*(M,End{£)) ~ r(AT*.M <g)End(£)); Again, {e a }x< a < m is a basis in TtM 
and {e a }i< a < m its dual. Note that this "wedge product" is not graded commutative and that 
£l*(M., End(£)) is a bi-graded algebra. The map (29) is even with respect to the total grading. 

Proof: Obviously, this follows by construction. 

Remark 3: The form £, locally defined by (30), can be characterized via 

v T-A<®End(£)£ = Q) VV £ e«, 
5 Throughout this paper we adopt Einstein's convention for summation. 



c(0 = u. 



(31) 



Lemma 2: Let c be the linear mapping (28) restricted to Q}(M., End + (£)). Then we have 

V(£)~A(£)/ker(c). (32) 

Proof: For p := 5^c : Q 1 (M, End + (£)) — »■ ^(Af, End + (£)) we get p 2 = p and thus 

ft^M, End+(£)) = im(p) © im(g), (33) 
with q :— 1 — p. Restricting the linear mapping (28) to End + (£)) yields the identities 

pc = p, 

cp = c. (34) 

Since 6% is a right inverse of c we have: ker(c) C im(g). Moreover, for all a G im(p) with c(a) = 
(34) implies a = 0. Hence 

ker(c) = im(g). (35) 

The statement follows from 

A{£) ~ ft^M, End + (£))^fi°(.M, End - (5)) ~ P(£) (36) 

and we are done. 

Note that actually we have shown that the sequence: 

is exact and splits. Also, in this case the kernel of the mapping (28) becomes explicit. 

Definition 3: Two connections V s , V s &A(£) are defined to be equivalent iff 

V s -V s e ker(c). (37) 

By the preceding Lemma this is equivalent to 

V £ ~ V s <=^> V £ = V £ + u, 
u e im(g) C n 1 (M,End + (£)). (38) 



Therefore, any Dirac operator D e V{£ ) is uniquely associated with an equivalence class of 
connections [V s ] on £ so that D V £ = D. 



i n 



Remark 4: Let DgX>(£) be a given Dirac operator on £. Then, 

:= V £ +^(D- D v£ ) 



(39) 



defines a connection on £, so that 

= D, (40) 

where V 5 " G v4(£) denotes any connection on £. Clearly, this ambiguity simply reflects that 
T>(£) is an affine space and thus a given Dirac operator D G may be decomposed in 

infinitely many ways like 

D = D + $ D (41) 

with $ D := D - Den°(M,End-(S)). 

Definition 4: We call a Dirac operator Dg£>(£) a Standard Dirac operator (SDO) if there is 
a Clifford connection V s EAci(£), so that 

D = D v£ . (42) 



Lemma 3: Let V s , V £ G Aci{£) be Clifford connections on the Clifford module bundle £ 
with V £ ~ V £ . Then we have: V £ = V £ . 

Proof: Using (38), V s , V s eA C i(£) implies that there exists a u := V s - V s = l C i <8> A with 
Aeil 1 (M, End^(£)). By assumption, we have 

c(w) = c(e") <g> 

= 0, (43) 

where {e M }i<^< m is a local orthonormal frame. Hence, A^ — 0, V/i = l, • • - ,m which proves the 
lemma. 

We therefore have shown that the class of connections defining a SDO on £ admits a 
canonical representative. In what follows we shall always denote by D G T>(£) a SDO and by 
V s " Gv4.<7/(£) the appropriate Clifford connection, so that D= Dy. In contrast, by D G T>{£) 
and V s EA(£), respectively, we denote an arbitrary Dirac operator and connection on £ . 

Let Dg£>(£) be an arbitrary Dirac operator on the Clifford module bundle £ and let 

V £ := V s + 5 ( (D-D) (44) 



Then, in [ETUI it is shown that (see also IT 



D 2 = A^+^ £ . (45) 

Here, respectively, the connection V G A(£ ) and the endomorphism T^ £ G T(End(£)) are 
defined by 

V £ := V £ + Uye and (46) 

: = c (v^)+ev 9 (v T ^ End ^+4 £ )' ( 4? ) 
where the one form uj^e E£l 1 (M., End + (£)) is locally given by 

~0(e M , e„) ® c(e A ) ([ V £ A , c(e^)] + r, A c(e CT )) . (48) 
The r's denote the Christoffel symbols defined by the metric (7. 



Lemma 4: The endomorphism JF v£ defined in (4-7) is independent of the representative 
V £ G*4(£) of the class of connections defining the Dirac operator D. 

Proof: To prove this lemma we introduce the affine mapping 

w.A[£) -> .A(£) 

V f 1 ► V f + wy£ (49) 

on *A(£) and show that this mapping is well-defined on ^4(£)/ker(c). Let ['V s ] be the equiva- 
lence class of connections defining the given Dirac operator DeT>(£) and denote by V s , V' £ G 
[V £ ] two representatives of this class. Hence, a := V £ — V G ker(c) and with respect to a 
local orthonormal frame we obtain 

V £ -V' £ = a-^ u e»®c(e x )[t x a,c(e u )] (50) 

= ^e^[c(«),c(e^)] + (51) 
= 0, (52) 

where is the inner derivative with respect to the local vector field e M and [ , ]+ means the 
anti-commutator. Consequently, the map: D ^ A v , with V £ given by (46), is well-defined. 
Hence the endomorphism JF V = D — A v only depends on the Dirac operator D GX>(£) which 
proves the lemma. 

Corollary 1: The endomorphism JF v£ ET(End(£)) does not depend on the decomposition (44)- 
In particular, it does not depend on the chosen Clifford connection V £ . 



Proof: By the preceding lemma 4 the proof is obvious. 



Remark 5: The corresponding linear part of the affine map (49) has a non-trivial kernel; 
especially we get 

™\aci{£) = 1 Aci(£)- ( 53 ) 

In this case the decomposition of the square of the appropriate SDO is but the usual Lich- 
nerowicz formula and the endomorphism T takes its well-known form 

^ = c[{V £ ) 2 ] (54) 
= ±r M l £ + c(F £ / s ), (55) 

where is the Ricci scalar curvature on the base manifold A4 and F £ ^ s : = (V^) 2 — (V 07 ) 2 ® 
lEnd c; (£) denotes the relative curvature on the Clifford module bundle £. Since in this particular 
case the relative curvature only depends on the connection on the twisting part of the Clifford 
module bundle S, F £ ^ s is also called the twisting curvature. 

We now turn to the notion of superconnections which can be considered as a generalization 
of connections on a Z2— graded vector bundle. As it is well-known superconnections permit to 
generalize the one two one correspondence between SDO and Clifford connections to arbitrary 
Dirac operators and Clifford superconnections on a Clifford module bundle. Hence, there is no 
essential difference between talking about Dirac operators and Clifford superconnections. We 
therefore call into mind the following 

Definition 5: A superconnection on a Z2— graded vector bundle £ is any odd first order 
differential operator^ 

M7 £ : [n*(M,E)f -> [Q*(M,£)f, (56) 

satisfying the generalized Leibniz rule 

W £ (X A a) = dX Aa + (-l) H a AW £ a, (57) 

for all AefT(.M) and a<EQ*(Ai,£). If in addition £ denotes a Clifford module bundle and the 
superconnection fulfils 

[W £ , c(a)} = c(V cl a), Va G T(C(M)), (58) 



it is called a Clifford superconnection (CSC), c.f. [pj] . In this case we have (c.f. loc. cit.) 



^ D v£ := c(W £ ) (59) 



'Here, ± is understood with respect to the total grading. 



is one to on eQ. Note that because of the generalized Leibniz rule any superconnection locally 
takes the form 

m 
k=0 

A [k ] e 

In particular, in the case of a CSC 



n k (M,End(£)) . (60) 



A[i] = UJ Cl <g> UndctiS) + Icfi ® A 

A[ k ) = E e h A ■ ■ ■ A e ik ® l C i ® B h ... ik , Vfc = 0, 2, • • - , m (61) 

l<ii<"'<ifc<m 

where u cl denotes the induced Levi-Civita form on the Clifford bundle C(M) and A,B e 
[fi* (.M, End^ (£))]~. Again, {e*}i<j< m is a local orthonormal frame in T*M.. Moreover, if M. 
denotes a spin- manifold, then any CSC is of the form (c.f. JTTJ) 

^7 £ = V s ® 1 E + l s <g> W E . (62) 

Clearly, the notion of a CSC completely parallels that of a Clifford connection and coincides 
with the latter iff B = 0. However, in general a CSC is not just defined by an element of 
fi 1 (M., Endjj(£ )) . This will be of crucial importance in what follows. Indeed, in |H| it 
was shown how the combined Einstein-Hilbert- Yang-Mills (EHYM-) action functional can be 
derived using non-SDO's. Before we define a particular functional on T>(S) we still give another 

Remark 6: Let D G T>(£) be a Dirac operator on £ and W the corresponding CSC. Then, 
we have 

V /£ := V £ + uj, with (63) 

(m— 1 i m \ 

En E c(e il )--c(e i ^5 111 ..,J, (64) 
k=l K - ii,-,ifc=l / 

where ^: = 5 5 $, $ = ^4.[ ] efi°(.M, End - (5)), so that 

D^, £ = D. (65) 

In particular, V ~ V f , where the latter is defined by (44). Note, the local decomposition of 
the form u & End + (£)) may also contain a degree [k] = 1 form. 



After summarizing the notion of Clifford modules and generalized Dirac operators we have 
also proved some lemmas, which permit an understanding of the relations between Dirac oper- 
ators and connections on a Clifford module bundle. The reason to clarify these relations mainly 

7 Note, by abuse of notation we suppress the linear isomorphism (27). 

i i 



is motivated by the following 



Definition 6: Let (Ai,g) be a closed, compact, orientable Riemannian manifold of even 
dimension (m = 2n > 2) and without boundary. Also, let (£, c) be a Clifford module bundle 
over M. and let T>(£) be the affine space of all (generalized) Dirac operators compatible with 
the Clifford action c on £. Then, we introduce the functional 

res : V(£) -> C 

D ^ res(£T 2n+2 ). (66) 

Here, res means the Wodzicki residue, which in this case takes the explicit form (cf. 
0, 0) 



res( D"^) = ^ / *tr, I r M - J**\ (67) 

v 1 JM L J 



and where the endomorphism jF y£ GT(End(£)) is given by (47). 

Since there exists a connection V £ G A(£) for every D G T>(£), so that D = Dy £ , this 
functional may be interpreted, alternatively, as a functional defined on A(£). However, we 
are interested less in the functional (66) itself than in the fact that for a given Dirac operator 

~ ~ —2n-\-2 

DeT>(£) the Wodzicki residue of D can be considered as a functional 

J^):=res(D- 2n+2 ), (68) 

of all connections V £ &A(£) so that c(V e ) = D. In other words: with respect to a given Dirac 
operator (68) can be considered as a certain functional on the subspace of all (endomorphism 
valued) differential forms defining this Dirac operator. In the case that D denotes a SDO the 
functional (68) is proportional to the Einstein-Hilbert action. We again stress that this was 
recognized by Connes, cf. [H and was proved in From a more general point of view 



see below) this was also discovered in [13, which in turn was the starting point to deal with 



non-SDO's in and P 



There is still another motivation for (68); the connection of (68) to the heat trace associated 
with (the square of) a Dirac operator. For this let us remind that there is a natural functional 
on V(£) 

V{£) C 

D h+ Tre" T£)2 . (69) 

Though in general one is not able to calculate this functional, it is well-known that it has an 
asymptotic expansion: 

Tre- T£)2 ~ (47rr)- n ]>> (fc - 2n)/2 (T fc (b 2 ), (70) 

fc>0 



where the coefficients (Seeley-DeWitt coefficients) 



Ofc(D ) := / *ti £ a k (x; d ) (71) 

J M 

are known to contain geometric information. In particular, the subleading term o"2(b 2 ) is of 
the general form (c.f. ||22|| ): 

a 2 (D 2 )= / *tr £ \\r M -T\ (72) 



IM 

and thus is proportional to (66). Of course, this is by no means accidental. In general, for all 
{2n-k)/2^Z (M smooth) one has ( c.f. |T§) 



a k (B 2 ) = T -^m TeS (b- 2n+k ). (73) 

From this point of view the statement of our main theorem (as given in the introduction) 
may be rephrased as follows: 

There exists a Hamiltonian (generalized Laplacian) 7i such that the subleading term in 
the asymptotic expansion of the corresponding heat trace associated with this Hamiltonian 
is proportional to the classical bosonic action of the standard model with gravity including. 

~ 2 

Moreover, this Hamiltonian has a square root, Ji—Y) , which gives rise also to the fermionic 
action of the standard model. 



In what follows we assume that Ai denotes a spin manifold^. Although this is not necessary, 
since we are only interested in local objects (densities), it simplifies notation. Consequently, 
the (total space of the) Clifford module bundle globally takes the form: £ = S <S> E. To get in 
touch with gauge theory we assume that E denotes an associated (hermitian) vector bundle: 
E = V x p V, where V is a G-principal bundle over M. and p: G —>■ V is a unitary representation 
of the (real, compact and semi-simple) Lie-group G on a hermitian vector space V. By Q we 
denote the corresponding Lie-algebra of G and by p' the induced representation of Q on End(V^). 
Consequently, any connection form A on E takes its values in p'{G) C End(V^). This offers the 
possibility of defining the slightly more general functional^, 

J D (V f ) := res c (lT 2n+2 ) 

= res((CD 2 )- n+1 )- (74) 

Here, ( G T(End(£)) denotes an element of the commutant defined by (G,p). More pre- 
cisely. Let us recall the simple fact that any section s G T(E) in an associated vector bundle 
E = V XpV uniquely corresponds to an equivariant section s G T aq (V,V). Here, equivariant 
means: s(pg) = p~ 1 (g)s(p),W gGG, p<EV. We then have the following 



8 Indeed, it is widely believed by physicists that fermions are geometrically described by spinors. 
9 That this functional actually is more adequate than (68) becomes clear when discussing the physical 
implications of the proposed model, c.f. part 2. 



Definition 7: For a given generalized Dirac operator, consisting of the triple 

(G, p, D) (75) 

with Dg £>(£), let us denote by zer a9 (7 :> , End(V)) an element of the commutant 

C P (G) := {a G End(V) | [p(g),a] = O^geG } (76) 

and by zGT(End(E)) its corresponding section in the endomorphism bundle associated with 
EQ. Since End(S) is simple, this generalizes to End(£) via £:=ls®z. We impose the following 
three conditions on (: it is a positive operator (( > 0) and satisfies [D, Q = [x,C] — 0) where 
X G T(End(£)) denotes the grading operator on £ = £ + ®£~ ■ 

Lemma 5: As a consequence, ( a has a constant spectrum (i.e. it is independent of x G M.) 
and the operator: ( a D 2 is elliptic for any power «6R. Using this, we obtain 

res c (f)- 2n+2 ) = ^ J M *tr £ ((a 2 (x; b 2 )) . (77) 



Proof: Let us denote by spec£(a;) = {Ai • ■ ■ Afc}| x , xEAi the spectrum of the positive operator 
CGT(End(£)). Here, k indicates the number of distinct eigenvalues of (. We first prove that 
the spectrum is independent of x<EAi. 

Since z G C p (G) this section is gauge invariant. I.e. for all gauge transformations / G 
T eq (Aut(V)) ~ r("Px ad G) of V we have: f*z = z. Hence, it is sufficient to consider a local 
situation. Using the fact that locally, any Dirac operator DgT>(£) may be written as 



D = c(d)+5>(.Ay] 

3=0 



(7E 



it follows that [D, Q — is equivalent to 

c(Al)>C 
c(dC) 



0, Vj = 0,2,---,m. 



(79) 



However, the latter implies: dz = 0. Indeed, A[i] =ui s ® 1e + 1s® A, AeQ, 1 (A4, p'(G)) an d thus 
[A,z} = 0. Consequently, ( must be constant, which yields the first assertion. 



Since the spectrum of z is constant we get[]] 



E 



1 ker(z 



10 In the following we shall not distinguish between s and s. 
n I like to thank M. Lesch for explaining me this calculation. 



A;) 



(80) 



Hence, 



D = ©} =1 D,-, (81) 
where Dj is the restriction of D to £j : = S <8> E^. Consequently, we end up with 

CD^e^A-f)', (82) 

which implies 



fe 



- EE 2 /*trW*> B ?)> (83) 



Tre" rCD = ^Tre"^ 

(i-m) , ('-"*) 

l>0 j=l 

and thus proves the lemma, when ( is replaced by (~ n+1 . 

Since we now have fixed the mathematical frame we conclude this part by summarizing the 
proposed model building kit as follows: Let 

(G,p, D) (84) 

be a given generalized Dirac operator defined on a Clifford module bundle £. Then, the general 
action functional on A{£) x V(£) is defined as 

-^D = -Efermionic( V , ifj) ~\~ IbosoniJy^ ) 

:= (V, D^ )+ res ( (r 2ri+2 ), (85) 

where c(V £ ) = D. 

3 Part 2: The Standard Model 

In this part of the paper we are concerned with the application of the kit introduced in part 1 
concerning the standard model of particle physics. We therefore shall introduce in the following 
section an appropriate generalization of the Dirac- Yukawa operator and prove our main theo- 
rem. Moreover, we shall discuss some consequences regarding the various parameters involved 
in the model. 



1 o 



3.1 The Dirac- Yukawa operator and the EHYMH- Action 

To get started let us give the following 



Definition 8: Let £ := S <8> E be a Clifford module bundle with a twisting graduation (E = 
El © Er) and denote byQ X '■= 7s ©X E the appropriate grading operator: x 2 — Is, X* — X- A 
Dirac operator is called a (euclidean) Dirac-Yukawa operator if it takes the form 

D := D + z 75 ©(~° jj), 

= D + 75 © <j) (86) 
where D is a SDO and 0Gr(Hom(ER, El)). 

Since the Yukawa coupling (9) geometrically can be considered as defining a particular sec- 
tion cf) (see below) one may try to naturally generalize the operator (86) in such a way that 
it not only defines the fermionic action (8-9) but also yields the bosonic action (10-11). Here, 
"naturally" means that the generalization of (86) is determined by those elements only which 
already determine the Dirac-Yukawa operator, i.e. by (g,<f>,A). 



Theorem 1: Let £ = S © E be a twisted Clifford module over A4, with E := El © Er. The 
functional (74) evaluated with respect to the Dirac operator 

D> := D + a 4 $ + J (a 2 c(F^ s ) + a 3 c(V End(f) <£ ) + a G $ 2 ) (87) 

defined on £: = S©E yields 

res C ( D 2n+2 ) = - 3 r(»-i) J M *{ rM + °4 tr E(# 2 ) 

- a' 2 tr E (^F^) 

+ a 3 tr E (zV M 0V^0) 

+ a' tr E (# 4 )}, (88) 



with 



(In 



24n(l ~ , 2 
tr E z 

24(2n-3) 2 
tr E z 

24(n - 1) „ 

— 1 ~ a 3, 

tr E z 

12 o 



tr E z 



(89) 



12 Later we shall be mostly interested in the case n = 2. 
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Here, $ := 75 ®0 and F G Q 2 (A4, p'{Q)) is the Yang-Mills curvature, induced by the gauge 
potential A in the definition of the SDO DeT>(S). The covariant derivative V0 is defined with 
respect to the adjoint representation of G, where the sits irQ The a's denote arbitrary (com- 
plex) constants. The structure group G is assumed to act on E := E©E via the representation 
p ■— p©p, and the automorphism E — >E denotes the corresponding "complex structure" on E. 
Moreover, we have used the canonical identification 

A+ J{B) = (90) 

for all A,Bt\ End(E). Note, in what follows we do not distinguish between the Clifford ac- 
tion c on the Clifford module £ and the corresponding action c := c(Bc on the (canonically) 
induced Clifford module S. Likewise, we do not distinguish between the representation p and p. 

Consequently, if the constant 03 is purely imaginary and the other constants are real, the 
functional (74) with respect to the generalized Dirac- Yukawa operator (87), becomes propor- 
tional to the Einstein-Hilbert-Yang-Mills-Higgs action (EHYMH) of the standard model. More- 
over, if one considers "diagonal sections": ip := (if) , ip) , ip G T {£) only, the fermionic functional 
in (85) becomes proportional to the Dirac- Yukawa action. Note, in (85) there is still a length 
scale missing because the fields do not yet have the right dimensions. This will be discussed in 
the next section where we shall consider some constraints of our approach to the standard model. 

Remark 7: The (euclidean) Dirac- Yukawa operator (86), is uniquely defined by the Clifford 
superconnection 

e := i n *(p (91) 

on E, where we have used the fact that the grading operator 75 of the spinor bundle S is pro- 
portional to the volume form on M.. More precisely, we have c{i n *1) =75 ® lEGT(End + (£)). 

Hence, the (euclidean) Dirac- Yukawa operator is determined by a 1-form (gauge potential) 
and the 2n-form in (91). In four dimensions, however, the most general Dirac operator in 
addition depends on a zero form, a two form and a three form. By considering only those forms 
which already determine the Dirac- Yukawa operator (91) naturally yields the following ansatz 

W E := V E + a 4 e + J (a 2 F - a 3 * V End(E) (*e) + a (*e) 2 ) (92) 

on E. Note that the forms within the brackets are even with respect to the total degree and 
hence J{- ■ •) becomes odd (c.f. also the final section.). It is easily checked that 

£V = (93) 

13 I.e. the corresponding equivariant section <f> £ T eq (V 7 End(V)) fulfils: (f>(pg) = p* (g)(f>(p)p(g), Vp € 

on 



with W^: = V s ®l E + ls®W E 



There are two interesting choices for the constants a k so that (87) takes a particularly nice 
geometric form: First, the most natural choice is a k = 1, V k — 0, 2 • • -4. In this case the Dirac 
operator (87) reads 



% = c(W £ + $) + J (c(K^e) 
= : c(W £ )+j(c(1Z^ej) 

= ( 94 ) 



with the "super relative curvature" 1Z^e:=(W ) 2 - (V s ) 2 <g>l E - 

However, there is still another nice choice: a a = 03 := (1 — ^), a 2 = 04 := 1; in this case the 
generalization (87) of the Dirac- Yukawa operator (86) reads 



= c( V s + U4) + J (c(F £/s + d v l^ + oj^ A U4) 

=■■ c(v £ ) + j(c(n^ s )) 

= D^, (95) 

with the " Higgs-form" u^: = 5^ Efl 1 (Ai,End + (£) ) and the relative curvature lZy £ :=(V £ ) 2 — 
(V s ) 2 <g>l E . Because of 

V- D v^^^( c (^- F ' /S ))' (96) 

the Dirac operators D^£? Dy^, however, are different. Therefore, strictly speaking, the defini- 
tion (87) gives a whole class of Dirac operators, parametrized by the constants a , . . . , 04, and 
which all yielding 



After this remark let us turn to the proof of the theorem. 



Proof: Clearly, to prove this theorem we just have to calculate the endomorphism (47) with 
respect to the Dirac operator (87). This tedious but straightforward calculation can most easily 
be achieved using the local form of (47): 

+ \ [7^,71,^] + 7 ^('V^) - M('V^),7l 

+ \ y>„, w„] + \ 9^ a K, 71 W/J, 71, (97) 



01 



where C(JA) C — >End(S) denotes the (chiral) representation of the complexified Clifford algebra 
and 7^ = c~f(e fl ) with {e At }i< At <2 n a local frame in T*Ai. Also we use the shorthand notation 
ry\u> ._ sy u y2. Moreover, F is the curvature on E, associated to the connection form A. The 
connection V £ EA(£) denotes any representative of the corresponding class defining the Dirac 
operator (87) and u := V s — V s , with V s G Aci(£) arbitrarily chosen, and 'V M denotes the 
covariant derivative induced by this Clifford connection on End(£). 
In particular, we may choose V £ such that 

uj := uj° + uo 2 + uj 3 + co> 4 with 

to° := a ^j7($ 2 ), 

uj 2 ■= a 2 e»®Y® J(Fpu), 

to 3 := a 3 J{V<$>), 

u A := a 4 5 c ($). (98) 

Note, we have already omitted uj 1 :=o; s <S>1e + Is® A, which would change the Clifford connec- 
tion V £ only and not the functional (88) by corollary 1. The main advantage of the local form 
(97) is that the whole calculation becomes purely algorithmic. Moreover, because of the trace 
tr^ in (77) one only has to calculate the last four terms in (97). For the same reason most of 
the terms to be calculated will drop out. Indeed, using (98), it is easily checked that the two 
derivative terms in (97), actually, do not contribute to the functional (74). Hence, all it is left 
to be done is to calculate the last two quadratic terms in (97) up to "traceless" contributions. 
This calculation becomes even more simplified by the 



Remark 9: Let £j, j = 1, 2 be two Clifford modules over j\4 with the appropriate actions Cj. 
Then, {£, c) with £:—£x®£% and c := C\ © c 2 is also a Clifford module. The most general Dirac 
operator on this Clifford module takes the form 

Mi/, t)< <"> 



where, respectively, D,- G T>(£j), j = 1, 2, A 12 G r(Hom(^ 2 , £i)) and A 2 \ G r(Hom(£i, £ 2 ))- The 
Wodzicki residue of D 
off-diagonal", c.f. 0. 



Wodzicki residue of D 2n+2 is such that there are no terms "mixing the diagonal with the 



As a consequence, in calculating the corresponding quadradic terms of (97), products of the 
generic form u 4 u k , k = 0, ■ ■ ■ , 3 may be omitted as well. As a result we end up with 



a 2 ev g 



+ alil-j^e (100) 



and 



+ (5-4n)^ev 9 (F^ s2 ) 

+ 2(n-l)a2 eV9 ((V End(f) $) 2 ) 



(101) 



Note that both equalities hold up only to traceless terms! Finally, if we put all together, the 
theorem is proven. 

To summarize: we have introduced a certain Dirac operator (87), generalizing the Dirac- 
Yukawa operator (86), such that the functional (74) looks like that of the bosonic action of 
the standard model with gravity including. This result is independent of the specific structure 
group G and its appropriate (fermionic) representation. To get in touch with physics, however, 
we also have to specify the pair (G,p). In other words, we have to define the generalized Dirac 
operator of the standard model. 

3.2 The generalized Dirac- Yukawa operator of the standard model 

To begin with, we give the following 

Definition 9: Let S be a twisted spinor bundle, so that E = E L ©E R . We call 



the generalized Dirac-Yukawa operator of the standard model provided the structure group G 
takes the form 



(G,p, D) 



(102) 



G := SU(3) x SU(2) x U(l) 



(103) 



and has the (fermionic) representation p: = pL © Pr- G — > Aut(V), 



/ c ® 1 N ® w 6£ \ 

p L (c,w,6) : = 

\ InOw^/ 



(104) 




(105) 



on the typical fiber 



V := VL©Vk 



(106) 



(cf © c^ 



2N\ 



(C 3N ©C ;11N ^©C 



3INh 



R 



~ cf ©c™. 



(107) 
(108) 



Moreover, the Dirac operator 



D := D„ 



(109) 



is the generalized Dirac- Yukawa operator (87), where the homomorphism 0G r(Hom(ER, El)) 
is defined by 



■-- 



(U © (g'y Q © <P, gy © C^) \ 



V 



(110) 



q, ® <pj 



1 3 © V^g 

o & 



111) 



Here, respectively, gy,gy G Mn(C) denote the matrices of the Yukawa coupling constants for 
quarks of electrical charge -1/3 and 2/3 (i.e. of quarks of "d"-type, and of "u"-type) and 
g l y G M N (C) is the matrix of the Yukawa coupling constants for the leptons of charge -1 (i.e. 
of leptons of "electron" type). While and g^ can be assumed to be diagonal and real, the 
matrix g^ 9 is related to the Kobayashi-Maskawa matrix and therefore is neither diagonal nor 
real. The "weak hypercharges" for the left and right handed quarks (indicated by the subscript 
"q") and leptons (subscipt "1") are defined by: p(b) : = e iy6 , b G U(l), y G Q, 9 G [0,2tt[ (cf. 
the introduction). Then the two by two diagonal matrices and in the definition (105) 
are: B^ := diag(6^',6^) and B^ := 6r1n- In (HO), p denotes a section into a rank two sub- 
bundle E h of the vector bundle E and carries the defining representation p h of the electroweak 
subgroup G/ l :=SU(2)xU(l) of the structur group G. I.e., when p is considered as an element 
of r cq (P,V) it transforms like tp(pg) = p h (g)*p(p) with g := (w, b) G G h = $\J(2) x U(l) and 
p h (w,b) := we lVh6 . Finally, e is the anti-diagonal matrix e := an d W nere means the 

complex conjugate of ip. 



Hence, the Higgs field p defines an element <3> in Q°(M, End~(£)) and thus a Dirac- Yukawa 
operator (86). Of course, the particular form of in (110) is such that $ gives the correct 
Yukawa coupling term (9) in the definition of the fermionic action of the standard model. 
However, since the section cf> G T(End~(E)) transforms with respect to the (p-induced) adjoint 
representation of G it follows that the hypercharge y^ of the Higgs field and, respectively, the 
hypercharges y l L , y l R of the left and right handed leptons and the hypercharges yl, y^, y R of the 
left and right handed quarks must satisfy the following well-known relations 



Vh = vl-y l K 



(112) 



In other words, when the Yukawa coupling is of the form as defined by (9) the corresponding 
hypercharges are not all independent but have to satisfy the relations (112). Moreover, since 
we know the electrical charge of the particles, the numerical values of the "y's" are fixed: 

(Vlyl) = (V6,-l/2), (113) 
!/£),!&) = ((-1/3,2/3), -1). (114) 

This is a consequence of the generalized Gell-Mann-Nishijima relation 

Q = T 3 + Y, (115) 

where {iT^ '—p'( (i T^)/2) : iY : = f/ (i)} is a basis of the maximal Cartan subalgebra of p'(su(2)© 
u(l) ), so that iQ generates the residual structure group - in more physical terms the "electro- 
magnetic gauge group"Q 

U elm (l) C SU(2) x U(l) (116) 

in the fermionic representation p after the mechanism of spontanous symmetry breaking is es- 
tablished. To make the latter more precise mathematically, let us remember how the notion of 
spontaneous symmetry breaking can be geometrically rephrased in terms of the reduction of a 
G-principal bundle, c.f. [23], [24 . 



Let therefore H C G be a Lie-subgroup of G and, respectively, Vq and Vb be the (total 
spaces of the) corresponding principal bundles over the same base manifold M.. Then, Vn is 
called an H-reduction of Vq iff Vn C Vg is a submanifold, so that the injection Vn Vq is a 
bundle homomorphism. A necessary and sufficient condition for a G-principal bundle V to be 
H-reducible is that the V— associated fiber bundle Pq/H — > A4, with typical fiber G/H, admits 
a global section. 

Definition 10: A solution (g, A, ip, \1/) of the Euler-Lagrange equations corresponding to the 
functional (12) is called a classical vacuum iff g is flat, A = ^ = and the Higgs field p = p D 
minimizes the Higgs potential 

V : r(E fc ) — > M, 

V% =(Po =0. (117) 

Here, denotes the (total space of the) bundle where the Higgs field lives in (see below) and, 
in principle, V may be any gauge invariant polynomial of order less or equal then four of the 
14 As usual we use {Efc}i<fc<i 2 := {(i\ a )/2, (iTb)/2, i}i< a <g as a basis of su(3)©su(2)©u(l), where 

1<6<3 

A a , a— 1 . . . 8 denote the Gell-Mann matrices and r&, b= 1 ... 3 the Pauli matrices. 

OK 



Higgs field tp. Again, it is assumed that V is bounded from below. Of course, concerning the 
standard model, V has its well-known fashion (6). 



Then, let us denote by E C the (disjoint union of) orbits of classical vacuums with 
respect to the representation ph that carries the Higgs field tp of the structure group G^. In 
the special case of the standard model this group is identified with the "electroweak gauge 
group" SU(2) x U(l) C G and, correspondingly, E h := Vx ph V h C E denotes the rank two 
subbundle describing, geometrically, the Higgs sector of the standard model. In the so-called 
"minimal version" of the standard model the typical fiber is ~ C 2 . Note that in the usual 
(non-geometrial) description of the standard model the fermion representation p, defined by 
(104-108), and the Higgs representation ph are completely independent. Let us denote by 
l(tp ) C Ph(Gh) C End(V/ l ) the isotropy group associated with a choosen classical vacuum 
p G £' C S, connected. Up to conjungation this isotropy group can be identified with some 
Lie-subgroup H of G^ and we have £' ~ ( p^(G/ l )/p/ l (H) ). Therefore, tp considered as an el- 
ement in r eq (Vh,y h) uniquely induces a section (also denoted by tp ) Ai-^+Vh/H- In other 
words, from a geometrical point of view a necessary condition for a (classical) vaccum to exist 
is that the Gh— bundle must be H-reducible, where the Lie-subgroup H C G^ is identified with 
the isotropy group of some choosen Higgs field tp , minimizing the Higgs potential V. 

Definition 11: The gauge symmetry is called spontaneously broken by the (classical) vacuum, 
represented by tp , iff He G^ is a proper subgroup. 

Note that the H-reduction of Vh is only necessary but not sufficient for tp to represent a 
classical vacuum. It is also required that Vh posseses a flat connection. In the particular case 
of the (minimal) standard model we obtain: £ = {ph(w, b)tp } U{0}, with tp := (0, v/\^2) T , 



v :=y/i 2 /A G K and (w, b) G G h = SU(2)xU(l). Then, the isotropy group associated with the 
non-trivial tp is generated by the anti-hermitian operator iQ, and the corresponding residual 
structure group H can be identified with U e j m (l), c.f. (115-116). Actually, the full residual 
structure group ("little group") of the standard model reads 



since the structure group G is given by (103). 

Consequently, assuming that V = Vg is H-reducible and tp represents an appropriate (non- 
trivial) classical vacuum of the standard model the section Ve£l°(M, End~(E)), defined by 




H = SU(3) x U eim (l), 



(118) 



V EE O 





(119) 



is H-invariant and thus well-defined on the reduced bundle. Fixing the gauge so that <p = 
(0,v/V2) T ("unitary gauge" ) we may further write 

M, = "J"), (120) 

M, = (121) 

where, respectively, the matrices m' := -j^g y G M N (c) and m" := G M N (c) denote the 

"mass matrices" of the charged leptons (1) and quarks (q) of "u-type". They can be as- 
sumed to be diagonal and real. The corresponding NxN matrix m d := g'^ of "d-type" 
quarks is neither diagonal nor real. It is related to the mass matrix of "d-type" quarks 
m d = diag(m dl , . . . ,m dN ), m dk GK, k — 1, . . . ,N via the Kobayashi-Maskawa matrix VgU(N): 
m d '=Vm d V*. 

Obviously, M denotes the fermionic mass matrix and we have recovered the "internal Dirac 
operator" T> of the Connes-Lott approach to the standard model, c.f. |j| and the corresponding 
references therein. Again, we stress that T> minimizes the Higgs potential V but represents a 
classical vacuum only if Vu (and thus V) posesses a flat connection, c.f. ||24|| . 



As we have already mentioned, in the usual approach to the standard model the represen- 
tation ph of the Higgs field (p is independent of the fermionic representation pf as defined by 
(104-108). However, to be consistent one has to impose the relations (112) to the hypercharges. 
That these relations are not accidentally and, actually, must not be chosen by hand follows 
from the Dirac- Yukawa operator of the standard model: 

(G, p, D^), (122) 

with (G, p = pf) like in (103-108) and D^, defined by (110). In other words: whenever one 
starts with (122) the representation of the Higgs field must be contained in the fermionic 
representation and then the relations between the hypercharge of the Higgs field and those of 
the corresponding fermions are fixed. If this does not hold, the Yukawa-coupling (9) would not 
define a generalized Dirac-operator. 

We now turn to the consequences as implied by the generalization (G, p, D^) of (122). We 
therefore compare the functional (88), derived from the generalized Dirac- Yukawa operator 
(87), with the corresponding bosonic action of the standard model. Before we can do this, 
however, we still have to give the various fields involved in the model their right dimensions, 
i.e., we first have to introduce an arbitrary length scale "Z". Also, we may choose to introduce 
a second endomorphism <$' on E in order to define the "off-diagonal" of (87). This additional 
endomorphism is defined by (110), but with the Yukawa- coupling matrices, g'yf, g*, g l y replaced 



by arbitrary matrices A 9 , A 9 , A of the corresponding size. This freedom arises from the fact that 
the form of the functional (88) does not change by this replacement and that the off-diagonal 
of does not act on the fermions giving the matrices g y their physical interpretation^. 
Note that this freedom is crucial for the definition of the mass matrix of the gauge bosons, see 
below. Moreover, without loss of generality we may assume that (f)' is hermitian, so that all the 
constants "a" are real, c.f. (89). With these replacements the "bosonic part" of the universal 
functional (85) reads 



T 



bosonic 



Teh + a 2 f tr E (zFA*F) (123) 

J M 

+ a 3 [ tr E (z(V07 A*(W0) (124) 

JM 

- a A [ *tr E (z0*0) (125) 

JM 



M 



+ a Q / *tr E (z (<//>') n (126) 

JM 



with the constants 



2 



a ° = ~i^r \i > <■ < 127 > 
Q , := M (l.) 2 ai , (128) 

7r tr E z 




3(n - 1) ( I 



2 



» 3 : = ^7 [T p ) * < 129 > 

3 

a 4 := vrilah. (130) 

4-7T tr E z ^ 

Here, z is considered as an element of T eq (V, End(V)) that lies in the commutant (76) and 
satisfies: 

[z, X E ] = [z,0] = [z,0']=O, (131) 

as well as z > 0. 

Since we use our units so that c = h = l we have identified Newtons gravitational constant 
G with the (square of the) "Planck length" l p = m~ l . Moreover, we already have normalized 
the Einstein-Hilbert functional Teh so that 



-eh - 16^72 



p JM 



*r M . (132) 



15 At least, when one restricts oneself to diagonal sections: ^ = (\E f , £ The more general 

case of non-diagonal sections will be discussed in a future paper, when also further phenomenological 
consequences of our model and a physical interpretation of the doubling of the " internal freedoms" : 
E — > E = E©E are considered, c.f. our remarks at the end of this paper. 



The corresponding normalized fermionic action readsj^] 



J 



fermionic 



*(f,iDf)f 



M 



a 4 / 



(133) 
(134) 



with $ defined by (110) and D a SDO. Note that only the constant carries a dimension. 

We now can compare the derived functionals (123-126) and (133-134) with the corresponding 
bosonic and fermionic action functionals of the standard model 



1, 



EHYMH 



16ttF / * rM 
p J M 



+ / 4itr(C^a t ^) + Itr(W^W^) + i J B^} 



+ 
+ 



M 



M 



*(V^)*(VV) 



and 



*(^,«7 M ^)^ 



+ / *(f,iW) £ . 



(135) 
(136) 
(137) 
(138) 

(139) 
(140) 



Here, respectively, 



W 



W(3) [C/i, Cy], 

W-aW M + z^ (2) [W M ,W,], 
~~ d u B u 



(141) 



denote the su(3),su(2) and u(l) valued curvatures with respect to a local coordinate system 
and in the fundamental representation. Moreover, the covariant derivatives, acting on the Higgs 
field f and on the fermions are locally defined as 



V M ip := (fy + ig {2) + £ M )<£>, 



+ *</(3) Cm Is ® F a + ig {2) l s <g> T, + i</ (1) 5 M l s ® Y)¥, 



(142) 
(143) 



where again (#(3), #(2), fi'(i)) are the coupling constants and {^F a , zT&, iY}i< a <8 denote the gen- 
erators of p(SU(3) x SU(2) x U(l)); A,/i 2 > are the positive real constants, parametrizing 
the classical vacuum. Note that the curvatures (141) are hermitian. 



Again, when restricted to diagonal sections. 



on 



Lemma 6: The derived junctionals (123-126) and (133-134) are identical with the bosonic and 
fermionic action junctionals of the standard model (135-140), iff the following relations hold: 

1 



Na 



and 



with the abbreviations 



Na 



2 9(1) 

2g2{2) = (SA. + A,)' 



2(3y q X q + j/i Aj) ' 
1 



Na 2 0(3) 



4A ? ' 



2<x, 



3A g tr(A;A g ) 2 + A z tr(A;A,) 2 
2a 3 [3A g trA;A g + Ai trA^A, 
2a 4 [3X q trg*g g + Xi trgfgj 

2(y!) 2 + 0/ R ') 2 + 0/ R ') 2 e 

2(y[) 2 + (^) 2 G M +! 
(A", A 9 ) GM 2NxN (c), 
(g' 9 ,g 9 ) GM 2NxN (C), 
A' G M n (C), 
g' G Mfj(t). 



A, 
1, 



/A 



y q 

Vi 



g<7 : = 

si ■-- 



(144) 
(145) 
(146) 

(147) 
(148) 
(149) 
(150) 



(151) 



Proof: The proof of this lemma mainly consists in determining z of the commutant, yielding 

(152) 



zr 



z L 1 


)• 


z R , 




A ? 16N 


N 





A; 1 2 N / 


Xq 16N 


) 





Xt 1 N ) 



(153) 
(154) 



with X q , X t G R + . Then, rewriting the functionals (123-126) into the form (135-138) gives the 
desired relations. Clearly, the relation for a 4 simply follows by direct comparison of the corre- 
sponding fermionic functionals. 



on 



Remark 10: Note that we still have one more free parameter, a say, to introduce in our model 
kit and to write instead of (85) 

J d = ^)v{S) + a res c ( D ). 

Of course, this additional parameter indicates that in the definition of the universal action (2) 
the fermionic and the bosonic action functionals are considered as independently of each other. 
Alternatively, one may put a = 1 and then rescale both functionals independently (although we 
only have one over all constant!). This is what we did, actually, to obtain (132) and (133-134). 
Note that the right normalization of (124) crucially depends on the relations (112), which the 
hypercharges have to satisfy. Also note, the reason that each generation of quarks and each 
generation of leptons is equally weighted by the corresponding two constants X q and A;, re- 
spectively, is a consequence of the arbitrariness of the matrices A used in the definition of the 
endomorphism . 

The derived relations (144-150) can be related to physically measureable parameters. First, 
we have 



Lemma 7: The " electroweak angle" 6> w has the range 

0.25 < sin 2 # w < 0.45. (155) 

Proof: By definition, the electroweak angle #w measures the portion of electromagnetism to 
weak force: 

||T 3 || 

sinfl w :— . (156) 
II *4II 

The norm || . ||, used here is defined with respect to the "su(N) normalization": /t(E a ,Eb) : = 
tA- 5 a b, where {E a }i< a <di m su(N) denotes an appropriate basis in the fundamental representation 
of su(N), N > 2. To explain this more mathematically, we remind of the fact that the general 
Killing form k on a simple Lie algebra Q may be written as k(a, b) = (p' (a) , p' \b) ) Va, b E Q, 
where (., .) denotes any ad- invariant scalar product on p'{G) C End(V) with representation 
£?-^->End(V). Here, the constant A depends on the scalar product and g is an arbitrarily 
positive constant, parametrizing the scalar product. This holds true also when Q is semi-simple. 
However, the constant g - the " coupling constant" in physical terms - may be chosen differently 
for each simple component. Without loss of generality we can assume that A (p'(E a ), p'(E b ) ) = 
5 a b to obtain the well-known formula 



sin 2 6 W = 9 l\ (157) 
2(i) + 9(2) 



for the electroweak angle. Hence, 



(1 + 2^ + 3(1 + 2^ V ; 



The range (155) then follows by the appropriate numerical values (113-114) of the hypercharges. 



Remark 11: Since all norms proportional to each other give the same sin^w we may choose, 
alternatively, (p'(a),p'(b) ) := tr(zp'(a)*, p'ip)) to define the norm in (156). Hence, 

• 2/i (T3, T 3 ) , 1t - n \ 

w = ~ww { ] 

which, again, leads to (158). In this form, however, it becomes evident how the range (155) 
does depend on the generalized Dirac- Yukawa Operator of the standard model, namely just by 
fixing the commutant. 

The analog holds true for the ratio g%)/9%) °f the weak and strong coupling constants, 
yielding 

Mfa = s^TV (160) 

Note that when we disregarded the possibility to introduce the element ( in the definition of 
the bosonic action functional (74), the relations (158) and (160) were just a consequence of the 
fermionic representation p used in the derived Yang-Mills action. Obviously, the same holds 
true in the case of \ q = \i, giving the " GUT-preferred" numerical values: 

sin 2 fl w = 3/8, 

9(3) = 9(2)- (161) 

On the today enery scale, however, \ q <C A; seems to be preferred, c.f. [0. Hence, #( 2 ) -C #(3), 
which might be expected, intuitively. 

A more model specific relation may be obtaind concerning the ratio m^/m^, of the "Higgs 
mass" and the "W-boson mass" of the electroweak interaction. By definition, having fixed a 
(classical) vacuum ip G E, the masses of the gauge bosons are given by the quadratic form 

a i-> |M 2 at *(a a A*a b ), (162) 

with M 2 ab := ip* [p' h (E a ),p' h (E b )] + ip and [.,.]+ the anti-commutator; {E a }i< a < dim g is a basis 
in the (semi-simple) Lie algebra Q of the structure group G, so that a = a a ®p' h (E a ). In the 
unitary gauge: (p = (0, v/^/2) T we get = gj 2 ^v 2 /A. 

The mass (matrix) of the Higgs field is defined with respect to the quadratic form: 

r(E fc ) ^ C°°{M) 

h 1- l(h,V%= Vo h)v h , (163) 

with h := ip — ip and ( • , • the induced scalar product on the subbundle E h C E. In the 
unitary gauge this yields: ml = 2Xv 2 . 



Consequently, using (147) and (149) we end up with 

ml _ 4(2n-l)(2n-3) ( lV 3X q + A; 4 4 2 

< " [T p ) (AX q + Xi) 2 {3X ^ + )\ a o a V , (164) 

with the abbreviation: A 4 := tr(A*A) 2 . Some further investigations similar to those in p5 



are needed in order to find out whether there are sufficiently enough relations between the 
unknowns on the righthand side of (164) determining a range where the Higgs mass has to lie 
in. 

We finish this section by considering the special case of A = g, yielding the following 



Lemma 8: Let <f> = —i<fi as defined by (110). Then the mass squared of the Higgs field and of 
the W-boson reads 

m2 _ 2(2.-1) /q y mj + Mf 

(n-l) /a 3 \ 2 3M 2 + Mf 
m - = 2(2n - 3)N UJ 3A g + A, (166) 

with M 2 := tr(A g m*m g ) and Mf := tr(Ajm* m;) 0. Here, we used the abbreviation 111*111,, = 
m^rrirf + m*m u and X q : = A 9 1 N , A; = diag(A Zl , . . . , A/ N ) e M N (R). Correspondingly, X q : = 
trAg/N, as before; However, A/ := trAj/N. Note that by the commutant all irreducible sub- 
spaces of the fermionic representation space V are now independently weighted. Because of the 
Kobayashi-Maskawa matrix the quark sector is considered as irreducible. 



Proof: Since m\ = 2Xv 2 we have with (147) 



3M 4 + Mf 
~ 2 



m 2 = 16« q —T^\ (167) 



The relation (148) then implies (165). With 



1 / 1 \ 2 3M 2 + Mf 

1 = m^T) U mrwr and (168) 

("-!) ^3\ 2 (3M 2 + M 2 ) 2 m 2 



7r(2n-l)N \a J 3M ? 4 + Mf AX q + A 
an analogous calculation yields (166). 



Note that in the two geometrically distinguished cases where either the Higgs field defines 
a certain supercurvature or a certain differential form, the Higgs-form d^, as discussed in (94- 
95), the Higgs mass is determined by the mass of the fermions, and its range depends on the 
17 Note, by abuse of notation M 4 = tr(A(m*m) 2 ) 
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weights of all the irreducible subspaces of the fermionic representation. In this sense the pa- 
rameter " Higgs-mass" in the standard model may be considered as derived from the generalized 
Dirac- Yukawa operator of the standard model. Clearly, the same holds for all other (possible) 
derivable relations between physical parameters. We stress that the commutant in the defi- 
nition of the bosonic functional (85) is motivated mainly by the fact that absolute values of 
the physical parameters, like the masses or charges of the particles involved, are of no physi- 
cal significance. In this sense the generalization (74) becomes very plausible. Again, one has 
to take into account that the parameters defining the commutant are scale dependent in general. 



To summarize: In this paper we have introduced a particular geometrical model building kit 
based on the notion of generalized Dirac operators, considered as a triple (G,p, D). Corre- 
spondingly, the geometrical setting is given by a Clifford module bundle (£, c) over a (closed, 
compact) Riemannian (spin-) manifold (Ai,g) of even dimension In > 2. Within this geomet- 
rical frame we proposed the universal functional 



on T(£) xA(S), D v = D, generalizing the classical action functional of the standard model. 
Indeed, we have shown how the action functional of the standard model - with the gravity 
action including - can be derived from a generalization of the Dirac- Yukawa operator. For this 
we have introduced a certain class of Dirac operators, parametrized by some constants. Two 
particular choices of these constants are distinguished geometrically. In particular, we have 
shown that the structure of the Yukawa coupling is such that it naturally defines a certain one 
form uj^:— 5^ on a twisted Clifford module bundle S (the Higgs-form) and hence a particular 
connection thereof. Using this connection to define a certain Dirac operator and then evaluate 
the proposed functional (85) (with respect to diagonal sections) one obtains the full action 
of the standard model. Having derived the action we have shown how the free parameters 
of the model are linked to physical quantities like masses and charges of the various fields 
involved. Depending on the number of independent parameters of the model this may then 
lead to non-trivial relations between the physical quantities. For a special case we derived a 
relation between the mass of the Higgs field and the masses of the fermions. 

The basic idea is that the fermionic interactions determine the dynamics of all the fields 
involved in the theory. In the case of the standard model the fermionic interaction is defined 
with respect to the Yukawa-coupling (besides the gauge covariant coupling), giving rise to a 
non-standard Dirac operator - the Dirac- Yukawa operator. Here, "non-standard" means that 
the appropriate class of connections, defining the Dirac operator in question, does not contain a 
Clifford connection as a representative and thus indicating that the basic geometrical setting is 



4 Outlook 




(170) 



O A 



that of a Clifford module bundle instead of the particular case of a twisted spinor bundle. Indeed 
according to the Higgs form, the tensor product structur of the Clifford module is ignored. In 
contrast to mathematical applications, where mainly SDOs are of interest, in physics non-SDOs 
seem to play a dominant role. Let us assume that all particles are massless. In this case the 
fermionic interaction is described by a gauge potential. Accordingly, the corresponding Dirac 
operator D is a SDO. However, in our scheme one has to consider not this operator but, instead, 
D := D + J~(c(F)), where F is the relative curvature (in this case the twisting curvature) on 
the Clifford module bundle £. Clearly, this new Dirac operator D on £ is non-standard. 
Evaluation of the functional (85) with respect to this operator leads to the Einstein-Hilbert- 
Yang-Mills action and hence the description of the full dynamics of the physical system under 



consideration, c.f. [H)|. Therefore, although in the case where the dynamics of the fermions 
are described by a SDO it seems to be more natural, actually, to consider the non-SDO D, 
describing the full dynamics. As a consequence of this scheme, however, one neccessarly has to 
double the "internal degrees of freedom" of the fermions: E — > E:=E©E. Moreover, both parts 
have to carry the same fermionic representation. Note that this doubling may be described, 
geometrically, as the pullback bundle A*(ExE) of ExE — > AixA4 with respect to the diagonal 
map A4 3 x-—^{x, x) £ A'lxA'L The latter may be identified with A4x{±l} and thus, implicitly, 
also a doubling of spacetime is involved in our scheme. Since this construction is fundamental 
we are left to interpret this doubling physically (c.f. dicussion below). 

With respect to the standard model, our model building kit somehow parallels the Connes- 
Lott approach. In fact, both approaches yield analogous results concerning the relations be- 
tween the various parameters of the models. It therefore might be worth comparing both 
approaches, though the general mathematical frame work is quite different and there is no 
doubt that from a mathematical point of view, Connes' non-commutativ geometry is much 
more indepth, c.f. J3J, ]7[ and || for a good review. Obviously, both kits have in common 
that the basic building block are Dirac operators. In the Connes-Lott scheme it is the internal 
Dirac operator T> and in the kit proposed here it is the Dirac- Yukawa operator D^. As al- 
ready mentioned in the introduction the basic ideas of our model and, especially, the approach 
of considering the Yukawa-coupling as the fundamental input to derive the bosonic action of 
the standard model with gravity including was already proposed in [[HHP], Indeed, also in the 
Chamseddine-Connes scheme the Dirac- Yukawa operator is considered as the main ingredient, 
c.f. 0, 1 13]. In this scheme the universal action is defined by the heat trace in contrast to the 



original Connes-Lott description of the standard model, where the action was defined via the 
Dixmier trace (c.f. the corresponding remarks in the introduction). Concerning the standard 
model, in the Chamseddine-Connes approach one has to consider all Seeley-deWitt coefficients 
at least up to order four in the asymptotic expansion of the heat trace since the heat kernel 
is defined with respect to the Dirac- Yukawa operator D^. In our scheme, however, the gen- 



18 By use of the correct Yukawa coupling (9), the generalized Dirac- Yukawa operator in is of the 
form (95) of the paper at hand, and thus gives rise to the EHYMH-action 



eralized Dirac- Yukawa operator is considered as the basic Dirac operator. Hence, the full 
action of the standard model is given by the subleading term of the asymptotic expansion of 
the corresponding heat trace. Note that the latter yields exactly the action of the standard 
model, which is not the case in the Chamseddine-Connes scheme. Since in this scheme the 
derived action obtaind by the Dirac- Yukawa operator is more general than the action of the 
standard model (it also contains the well-known quadratic terms in the curvature of the base 
manifold), one obtains more constraints for the parameters involved in the model, c.f. [|T3[|. 
However, the relations (112) for the weak hypercharges and the relations (158) and (160) for 
the electroweak angle and the coupling constants, respectively, are merely a consequence of the 
Yukawa coupling (9) and that all fields involved in the model carry the fermionic representation. 
Hence to this respect, the Chamseddine-Connes scheme and our kit yield similar results. 

The power "— 2n + 2" in the definition of the action 1^ proposed here is motivated by the 
fact that there exists a generalized Dirac operator (in our sense) that gives back the exact action 
of the standard model. Infact, a-i is the only coefficient in the asymptotic expansion of the heat 
trace, which is linear in the curvature of the base manifold. Also by formal analogy between the 
asymptotic expansion of the heat trace and the asymptotic expansion of the effective action in 
quantum field theory one may expect, intuitively that the "classical action" is covered by the 
subleading term, only. As already mentioned, while the bosonic functional (68) was already 
considered in || and in [|19j in the case of the pure gravity action and in [Tj| from a somewhat 
more general perspective, the possibility to also derive the Yang-Mills and Higgs action from 
(68) was not taken into account. 

If the former is considered as "facts" we now turn to some "fictions". As we have already 
mentioned, the price we have to pay for "adding even terms" to Dirac operators and thereby 
changing the emphasis from SDOs to non-SDOs is the additional structure (£, J7"), which we 
have to introduce in our model. Of course, this needs some physical interpretation. A physically 
satisfying way to understand this additional structure may consist in interpreting the doubling 
of the internal degrees of fermionic freedoms by introducing the notion of "antiparticles" in our 
scheme. Hence, we have to incorporate the notion of "charge conjungation" within our model, 
which will be done in a forthcoming paper where we shall also investigate in more detail the 
relation (164). 

Another point that we have in mind concerns spectral geometry. Since the whole dynamics 
of the fields involved in a physical theory should be determined by a single (generalized) Dirac 
operator and, moreover, the corresponding fermionic action is proposed - naturally enough - to 
take its well-known form, one may ask whether the bosonic action actually can be considered as 
"generalizing" the fermionic action. Indeed, it is well-known by physicists that - in a sense - the 
bosonic action can be recoverd from the fermionic action by considering the former as a "one- 
loop" correction of the latter. For this, one has to introduce a zet a- regularized determinant 
of a certain operator. And this may be the point where spectral geometry comes in. In other 

or: 



words, if the bosonic action is considerd as a modification of the fermionic action, like above, 
we are left with the mathematical question of how the proposed bosonic action in our model 
can be expressed as a zet a- regularized determinant of a Dirac operator. Moreover, as we have 
seen, from a geometrical point of view the action functional of the standard model is but 
the subleading term of the asymptotic expansion of the heat trace of a certain Hamiltonian. 
Therefore, it might be natural to ask whether the higher terms in the expansion permit a 
physical interpretation as well. Again, so far this is but fiction. However, it might be worth 
investigating these points more carefully in a future paper. 

Still quite another point, of course, is concerned with the fact that we are dealing with 
Riemannian manifolds instead of Lorentzian manifolds. Hence, the notion of gravity is just 
formal. However, our model may be flexible enough to work also in the case when Lorentzian 
manifolds are considered. The point here is that also the kernels of differential operators of 
" Huygens-type" have an asymptotic expansion like the heat trace of an elliptic operator, c.f. 



Of course, spectral geometry in this case is not so well established, but see, e.g., p6 
and the corresponding references therein. Finally, since the basic geometrical setting of our 
model kit is a Clifford module bundle and by the fact that there is a one-to-one correspondence 
between Dirac operators and Clifford superconnections, it might be possible to incorporate the 
notion of "supersymmetry" in our scheme. Thus, one may put more emphasis on the "su- 



performalism" , as developed by Quillen et. al., c.f. [0] and [p9| , p8| in the case of physics. 



Concerning our model, this point of view was taken, e.g., in 



We finish this paper by a citation, which expresses the feeling of many physicists. We do, 
however, hope to have convinced the reader that in fact the contrary holds true: 

"... this prescription [via the Yukawa-coupling] of the fermion masses is one 
of the least satisfactory aspects of the theory [standard model]. It is an 
entirely ad hoc procedure . . ."Q 
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